A quite general finite-size chain of fermions with N internal degrees of freedom (flavors) and O(N ) symmetry is considered. In case of the free boundary condition, we prove that the ground state in the invariant sector with m odd flavors is represented by a single rank-m antisymmetric multiplet. For the even-length chains, its particle-hole quantum number (if is a good one) is given by the parity of the m. For the odd-length chains, the particle-hole symmetry leads to the twofold degeneracy among the conjugate multiplets. Similar statements are proven for the O(N ) mixed-spin chains in antisymmetric representations. The results are extended to the long-range interacting fermions and (partially) to the translation invariant chains.
I. INTRODUCTION
The degeneracy and quantum numbers of the ground state have an important bearing on the low-temperature behavior of quantum systems. Apart from various numerical and approximate approaches, there are certain explicit methods to reveal them for the spin and fermion lattice systems. One such approach is based on the existence and properties of the nonpositive basis. It was used for the first time during the proof that the ground state of the spin-1 2 translation invariant antiferromagnetic Heisenberg model with an even number of sites is a unique spin singlet [1, 2] . Despite of the quantum fluctuations, the degeneracy degree and spin of the quantum ground state coincides with its classical counterpart given by the Neel state. Using the structure of the SU (2) spin multiplets, this property was extended to the antiferromagnetic systems with arbitrary spins on bipartite lattices [3] , repulsive Hubbard [4] and periodic Anderson [5] models at half filling. Similar features was established for a more common class of the SU (2) invariant fermionic chains [6] .
The extension to the SU (N ) symmetric spin and fermionic chains was formulated and proven too [7] [8] [9] [10] [11] [12] . In some cases, the uniqueness of the lowest level multiplets in the sectors with fixed total spin values and the antiferromagnetic ordering of related energies was established too [3, 6, 10, 12] . The higher symmetries may emerge at special values of the parameters, in case of orbital degeneracy [13] , as well as at the quantum critical point in the low energy limit. One can mention in this respect the SO(5) symmetry unifying the antiferromagnetism and high-temperature superconductivity [14] (for the review, see Ref. [15] ). Moreover, the experimental capacities now enable to fabricate and control the artificial quantum systems based on the ultracold atoms trapped in optical lattices. In particular, the fermionic alkaline earth atoms realize quantum models possessing the unitary symmetry [16] (see Ref. [17] for the review).
In this article we study a finite-size chain of interacting fermions endowed with the N internal degrees of freedom * tigran.hakobyan@ysu.am; tigran.s.hakobyan@gmail.com (spins or flavors). The model is defined in terms of the usual (complex) and Majorana (real) fermions. We take advantage of both formulations. Note also that the second representation is actual due to the recent interest on the interacting Majorana fermions [18] . The Hamiltonian remains invariant with respect to the O(N ) rotations in the flavor space (including improper ones). It has quite general multi-fermion interactions. In contrast to its U (N ) invariant counterpart, the system does not preserve the total number of particles with a given flavor. Instead, it keeps the related parities. The parity operators constitute the discrete subgroup of reflections with respect to the flavor directions, Z ×N 2 . Their eigenvalues σ = ±1 (even/odd) define the invariant subspaces of the Hamiltonian. Such subspaces have equal dimensions and can be mapped to each other by the Majorana fermion operators. Moreover, the σ-subspaces with the same number of odd flavors, m, are degenerate and combined into a single invariant sector.
For a wide range of coupling constants, we prove that the lowest energy O(N ) multiplet in any such m-sector is unique and represented by a m-th order antisymmetric tensor. The components form the nondegenerate lowest energy states (the relative ground states) in the corresponding σ-subspaces. Thus, the ground state in the m = 0 sector (where all parities are even) is a unique O(N ) singlet. At the same time in the m = N sector (where the parities are odd), it is a unique pseudoscalar (i.e. behaves as a singlet under proper rotations while changes the sign under improper ones). An additional degeneracy is not banned and may happen for special values of couplings with accidental symmetries. In particular, in the limit of the N decoupled Kitaev chains [19] , the total ground state breaks completely the Z ×N 2 symmetry.
We consider also the Hamitonians with the particlehole symmetry. The related Z 2 group commutes with the SO(N ) symmetry. The impact on the spectrum depends on the parity of the chain's size. For the even length chains, it is consistent with the whole O(N ) symmetry, including improper rotations. The lowest energy states acquire a particle-hole quantum number given by the parity of m. For the odd chains, this map alters all parities, σ → −σ, which leads to an additional twofold degeneracy.
We examine also in the same context the O(N ) mixedspin chains in the antisymmetric representations. They emerge at the particular limiting values of the parameters when the on-site particle numbers become persistent. The total parity turns into a constant, dependent on the chain's size, so that the independent reflection generators form a Z ×(N −1) 2 group. It is argued, however, that the aforementioned results on the uniqueness and O(N ) structure of the relative ground states remain valid for the spin chains too. The results extend our previous studies of the bilinear-biquadratic Heisenberg model with spins in the vector representation [20] .
The long-range interactions may also be involved into the fermionic Hamiltonian in a way to maintain the above properties of the nearest-neighboring chain. The distant interaction contains an additional sign-valued tail depending on the intermediate fermions. Finally, we show that for the translation-invariant chain, the lowest energy state in the odd-parity sector has zero momentum.
The article is organized as follows. In Sec. II we describe in detail the model and its symmetries in terms of the standard and Majorana fermions. Sec. III the properties of the invariant subspaces and sectors are described. Then the basis, where all off-diagonal elements of the Hamiltonian are nonpositive, is presented using the standard and Majorana fermions, as well as hardcore bosons. Finally, the aforementioned result about the O(N ) structure of the lowest energy states is proven. In Sec. IV this result is extended to the fermionic chains with the particle-hole symmetry. Sec. V is devoted to the fermionic chains with long-range interactions, translation invariance and the mixed-spin chains in the antisymmetric representation.
II. O(N ) SYMMETRIC FERMIONIC CHAIN

A. Standard fermions
Consider the extended Hubbard chain of length L described by the Hamiltonian
The open boundary conditions are supposed so that the position index in the sums, x, varies from 1 to L − 1. There are N different species (flavors) of fermions, which are labeled by a, b. The creation-annihilation operators c ± x,a obey the standard anticommutation relations. The potential V depends on the local fermion occupation numbers,
Its explicit form does not matter here. The Hubbard potential, V = x n 2 x , is a particular case. The coupling coefficients in the Hamiltonian depend on the fermions's position. In this article we will set them positive. More explicitly, we impose
These conditions may be even weakened, see (52) below. The t-term in the Hamiltonian describes the single fermion hopping between neighboring sites. The r-term is responsible for the creation-annihilation of the superconducting fermion pairs of same flavor. The remaining part of the Hamiltonian is responsible for the fourfermion interaction. The f -term swaps the fermions with different flavors on adjacent sites, |ab → |ba . The gterm replaces a pair of adjacent fermions of a same type with an other-type pair, |aa → |bb . The h-term moves a fermion pair providing the system with pair-hopping opportunity. Finally, the e-term creates and annihilates four neighboring particles, two ones per node.
For N = 1 with single fermion per site, the pairhopping term disappears. The remaining two fourfermion interactions are reduced to the density-density interaction between adjacent sites, which may be included in the potential,
For the special case when V + δV is set to the chemical potential, the system can be considered as a local analog of the Kitaev chain [19] . For N > 1, the Hamiltonian (1) is invariant under the global SO(N ) rotations,
where the local rotations are provided by the generators,
Neither the number of particles with a given species,
nor the total number of particles is conserved in the system. Instead, as is easy to see, the related parities are good quantum numbers. They are described by the atype fermion number parity operators, [Ĥ,σ a ] = 0,σ a = (−1)n a .
Such reflections generate the Z ×N 2 group. Together with the continuous rotations they make up the orthogonal group O(N ) composing the internal symmetry of the fermionic chain (1).
Note that the product of two distinct reflections define a π-rotation in a plane inside the flavor space,
Such rotations form together a subgroup Z
According to the Pauli exclusion principle, every site can be occupied by at most N fermions. There are 2 N such states. The one-particle states, c + a |0 , form the defining representation of O(N ). Due to the Fermi-Dirac statistics, the multi-particle states,
comprise the N m -dimensional antisymmetric multiplet. The empty and completely filled nodes are, respectively, a scalar and pseudoscalar.
The SO(N ) structure of the single node states is trickier [21] . The conjugate multiplets with m and N − m fermions become equivalent. Moreover, in case of two flavors, N = 2, the group SO(2) is abelian. Then the single particle representation is reducible and splits into the symmetric and antisymmetric combinations.
At the limiting point where two couplings vanish, r x = g x = 0, the symmetry is expanded to the unitary group U (N ). The additional generators are provided by the symmetrised bilinear components,
The diagonal part consists of the fermion number operators,n a = 1 2T aa which are preserved in this case. In order to reveal the structure of the Hamiltonian (1), let us preset it in the form
with the slightly modified potential,
Next, express the local Hamiltonian via the doublefermion operators (we set y = x + 1 to shorten the formula),
Here we have introduced the two O(N ) invariant bilinear combinations of fermionic operators,
Notice that the K yx possesses a larger, U (N ), symmetry while P yx does not. The equivalence of the representations (1) and (10) is easy to establish using the canonical anticommutation relations. Note that the operators (13) obey the conditions K + yx = K xy and P xy = −P yx , as well as the following commutation rules,
The usual Heisenberg interaction between neighboring SO(N ) spins is expressed via them as
The spin exchange term appears in the Hamiltonian, for instance, when the parameters obey the condition f x = g x .
B. Majorana fermions
In this section, the initial Hamiltonian (1) is represented as an O(N ) chain of interacting Majorana fermions.
It is well known that a single complex fermion is equivalent to a pair of real, or Majorana fermions. The relation among both representations is provided by the map [19] c ±
x,a = γ (1)
x,a ∓ ıγ
and its inverse,
The Majorana fermions are identical to their own antiparticles and described by the Hermitian unitary operators γ (λ)
x,a , with the upper index λ = 1, 2 separating individual particles in the pair. These particles become quite popular recently, see Ref. [22] for a short review on the subject.
The Majorana operators generate the 2N Ldimensional Clifford algebra,
The number of a-type on-site fermions and its parity can be expressed via them,
As a result, the overall parity (7) is just a product of all Majorana operators with a certain phase factor ensuring the involutivity [23] ,
It is worth mentioning that in the Dirac matrix context, it corresponds to the chiral gamma-matrix which anticommutes with all γ-s of the same type,
The right/left chirality sectors then correspond to the states with even/odd parities respectively. The local symmetries (4) and (9) can be also expressed in terms of Majorana fermions. The rotation generators in this form are known from the spinor representation of the orthogonal group,
The local building blocks of the Hamiltonian are expressed through the Majorana operators in the following way,
In both expressions, the first sum is antisymmetric under the exchange of the coordinates x and y. Hence, it disappears in the double-fermion part of the Hamiltonian. In contrast, the second sum is symmetric and participates there.
In Majorana representation the fermionic Hamiltonian (10) acquires the following explicit form,
where the bar over λ = 1, 2 inverts the order of two particles in the Majorana pair,λ = 2, 1. The potential V depends on the local fermion numbers (18) .
The above Hamiltonian describes N interacting Majorana chains [18] . In the absence of the four-fermion interactions, it describes the N decoupled chains, any of which extends the well-known Kitaev model, describing tight-binding chains with p-wave superconducting pairing [19] , out of the homogenous point.
Recently, the Majorana representations of conventional lattice fermions has been successfully applied for elaboration of sign-free Monte-Carlo algorithms [24] , for study the ground state degeneracy of interacting spinless fermions [25] using the reflection positivity [4] . We apply it throughout the current paper, in particular, to uncover the structure of the invariant subspaces and the particle-hole map.
III. LOWEST ENERGY MULTIPLETS
A. Invariant subspaces
In this section we will describe the subspaces, which remain invariant under the Hamiltonian's action.
There are 2 N L different states in the entire space V L . We partition the V L into the 2 N subspaces, each characterized by its own set of reflection quantum numbers (7):
We call them σ-subspaces following an analogy with the spin system [3] . Since the parities are good quantum numbers (7), the Hamiltonian (1) remains invariant in any σ-subspace.
All such subspaces are mapped to each other by a single Majorata operator γ a = γ (λ)
x,a ,
In this way, any σ-subspace is obtained from a single one, for example,
So, they have the same dimension:
Sometimes is more convenient to label the invariant subspaces by the values of odd flavors,
Which notation of these two is used will be clear from the context. The new one depends on a m-combination of the N flavor's set but does not on their order. Hence, it is symmetric on the flavor indexes.
In contrast to the Hamiltonian, the orthogonal symmetry mixes different σ-subspaces. Consider the symmetric group of permutations between the flavors, S N ⊂ O(N ). It permutes the reflection operators and the indexes,
where s ∈ S N , or, equivalently,
Due to this symmetry, the Hamiltonian has the same spectrum on all invariant subspaces, which have the same number m of odd parities, We unify them into the N mfold degenerate sector of dimension 2 N (L−1) N m ,
Clearly, the total space of states splits into the sum of all possible sectors:
B. Nonpositive basis
Here we pick up a basis where all nonzero off-diagonal matrix elements of the Hamiltonian become negative. This can be achieved by a specific rearrangement of the fermions in the standard Fock basis, which results in an additional sign factor [7, 12] . First, let us group together the fermions with the same flavors and set them in ascending order by the coordinate. So, define
where n a is the total number of particles with the flavor a in the building state. (In their absence, the above operator is set to unity.) Then define the basic states in the following way:
Thus, the particles are arranged first by the flavor numbers, then by the coordinates. In other words, they are displaced in the ascending order in their multi-index values when rewriting the above state in the standard way,
with n = a n a . The order is defined as:
In general, the wave function (36) is not a part of a certain O(N ) multiplet apart from the case when all fermions are located on a single site (8) , see also (42) below.
Since the potentials V , δV are diagonal in the constructed basis, the off-diagonal matrix elements of the chain Hamiltonian are generated exclusively by algebraic combinations of the local operators K x+1 x , P x+1 x and their conjugates with positive coefficients, see (2), (10), (12) , (13) . Therefore, it is enough to show the positivity of the selected basis (35) for the K, P operators.
Indeed, due to the Fermi-Dirac statistics, the hopping term c + x+1,a c x,a acts nontrivially solely on the states with the a-type fermion on the x-th position and without it on the (x + 1)-th one [12] . The resulting action merely replaces the creation operator c + x,a by the annihilation one, c + x+1,a . Similarly, a pair annihilation term, c x+1,a c x,a , acts nontrivially on the states where both positions are filled with a-fermions, which are presented in the basic state (35) in reverse order, | . . . c +
x,a c + x+1,a . . . |0 . It just eliminates both fermions, producing another basic state without any factor. Clearly, the Hermitian conjugates of both operators, the backward hopping, c +
x,a c x+1,a , and pair creation, c +
x,a c + x+1,a , act on the basic states in reverse order. So, all matrix elements of the four considered operators are either 0 or 1. Thus the operators K x+1 x , P x+1 x and their conjugates (13) can generate only integral matrix element from 0 to N .
The specific fermion ordering in the basic wavefunctions (35) has a simple explanation in terms of the wellknown Jordan-Wigner transformation [2, 26] . Assigning to each multi-index value the three Pauli matrices, τ ± , τ 3 , we get the system of hard-core bosons. Such particles behave alike fermions (bosons) at the same (different) points. Once we have set the ordering (37), the fermions and bosons are related by the Jordan-Wigner transformation,
The building blocks of the Hamiltonian (1), expressed in terms of the Pauli matrices, retain their structure,
Using the relations (38), it is easy to see that the multifermionic wavefunctions (35) in ascending order (36) can be expressed as the multi-bosonic states,
Evidently, the ordering of Pauli matrices on the right side of this equation is not essential in contrast to the fermion ordering on the left side. Then the relations (10), (12), (13) , (39) reaffirm the nonpositivity of the basis (40). Finally note that the basic states keep their from in the Majorana representation too,
Of course, the Majorana fermions on the right side are in ascending order.
C. O(N ) structure of relative ground states
In the previous section we have selected a nonpositive basis for the fermionic Hamiltonian (1). In addition, the Hamiltonian connects any two basic elements belonging to an invariant subspace (29). Indeed, manipulating successively with the fermion hoppings c + x±1,a c x,a and pair annihilations c x+1,a c x,a , one can easily transfer any target basic state from the subspace V L a1...am to a m-particle trial state. All particles there are gathered on the first site of the chain (36),
The above wavefunction transforms as a rank-m antisymmetric tensor under the rotations as was already discussed (8) .
According to the Perron-Frobenius theorem, the lowest energy state in the invariant subspace V L a1...am (the relative ground state) is nondegenerate. Moreover, it can be expressed as a positive superposition of all basic states (35) inside this subspace (denoted shortly by Φ α ),
Since the trial state (42) is a member of this family, one can set Φ 1 = Ψ a1...am . Due to the rotational symmetry, the relative ground state must be a part of a single O(N ) multiplet. Otherwise, it would split into mutually orthogonal pieces, belonging to nonequivalent multiplets. This fact would lead to a spontaneous symmetry breaking in the subspace V L a1...am , which contradicts with the above proven uniqueness condition. Therefore, the state Ω a1...am has the same O(N ) structure as the state Φ 1 itself: both wavefunctions belong to different but equivalent multiplets.
In particular, by removing the restriction on the indexes, one can set the lowest state to be antisymmetric alike the trial one,
Selecting another m-combination of the flavors, we arrive at the similar state within the subspace V L b1...bm . All such subspaces are equivalent as was established in Sec. III A, mapped to each other by the flavor exchanges (30), and produce together a single degenerate m-sector (32).
Summarizing, we come to the conclusion that the lowest energy wavefunction in the sector with m odd flavors, V L m is given by a single m-th order antisymmetric O(N ) tensor described by the one-column Young tableau of the same length,
The components provide the nondegenerate relative ground states in the invariant subspaces V L a1...am . Note that according to the representation theory of the orthogonal group [21] , the pair of multiplets, described by the Young diagrams As SO(N ) representations, they are equivalent and characterized by the smallest number among the m and N − m. Both multiplets are distinguished by the sign under improper rotations, which maps tensor to pseudotensor. One can mention this sign by the prime so that O(N ) representations are characterised by the Young diagrams Y m and Y ′ m ∼ Y N −m with m ≤ N/2 provided that for an even group rank, Y N/2 ∼ Y ′ N/2 . For example, the empty diagram is a scalar (singlet) while the single N -length column, given by the Levi-Civita tensor, is a pseudoscalar. So, according to our results, in the even-parity sector, V L 0 , the lowest level state is a scalar, whereas it is a pseudoscalar in the oddparity sector, V L N . Similarly, the lowest level state in the sector with a single odd (even) flavor, V L 1 (V L N −1 ) is a vector (pseudovector).
The relation among the lowest energy levels within the distinct invariant m-sectors remains an open question.
In particular, the total ground state may coincide with a single antisymmetric multiplest Y m for some m or it can be an arbitrary combination of them. Below we show that for the particular values of the coupling constants one can achieve the complete degeneracy when the lowest energy levels in all sectors coincide. In that case, the relative ground states (43) from all subspaces V L σ1...σN form the 2 N -fold completely degenerate total ground state.
D. Decoupled Kitaev chains
Consider the chain (1) without the four-fermion interactions where we set also t x = r x ,
The related Majorana system (24) is reduced to the N decoupled Kitaev chains [19] ,
In each Hamiltonian, the two boundary Majorana modes, γ (1) 1,a and γ (2) N,a , are absent. They produce a single nonlocal fermion, the presence or absence of which does not affect on the energy spectrum,
One can choose the boundary Majorana fermions, γ a = γ (1) 1,a , to implement the mapping between different σ-subspaces (26), (27) . In this case, they also intertwine the Hamiltonian's action on these subspaces. Therefore, the spectrum in all subspaces V L σ1...σN are identical. In particular, the ground state completely breaks the Z ×N 2 symmetry.
IV. PARTICLE-HOLE SYMMETRY IN O(N ) FERMION CHAIN
A. Particle-hole transformation
In this section we define the particle-hole transformation and study its properties. For a single fermion, which we consider first, the particle-hole map may be described also as a similarity transformation induced by the first Majorana fermion (16) ,
A similar map, provided by the second fermion, produces also an additional sign:
The above maps separate two Majorana modes within a single complex fermion: the first (second) map detects the parity of the second (first) mode. The transformations (50), (51) generate a Z 2 × Z 2 group and interchange between the particle and hole, n → 1 − n with n = 0, 1 meaning the fermion number. The composition of two transformations (50), (51) gives the parity operator (18) , which alters the sign of the creation-annihilation operators, (2) .
Get back now to the chain model (1) and apply the last transformation to all fermions located on the odd nodes: c ±
x,a → (−1) x c ± x,a . As a result, it alters the signs of the double-fermion couplings,
without touching the other parts of the Hamiltonian. As a result, the positivity requirement on these coefficients (2) may be weakened by setting the same sign for them,
Construct now a global particle-hole map for the entire system in a way suitable for our purposes. Apply the transformations (50) and (51) to the even-site and oddsite fermions, respectively. The resulted conjugation is given by the following operator,
where the function λ x separates the odd and even coordinates: λ odd = 1 and λ even = 2. Although the operator order in the product (53) is not relevant, we set, for definiteness, the ascending order (37). As usually, the phase factor
is chosen in order to fulfill the involutivity condition
Thus, the particle-hole operatorΓ generates a Z 2 group. Obviously, it is unitary, which also ensures the hermiticity. It (anti)commutes with the Majorana fermion operators,
as well as with the reflection operators, see (19) ,
In addition, it commutes with the proper rotations (4),
,ΓL abΓ =L ab .
The last two equations uncover the O(N ) structure of theΓ. It is a scalar for even-length chains and a pseudoscholar for odd lengths.
The matrix (53) converts the empty state into the completely filled one with the prescribed fermion order (37),
Here the barred vacuum means the empty-hole state.
A similar transform of a general basic state (35) produces an additional sign factor, which may be calculated using the definitions (53), (16) and relation (56). In particular, a trial wavefunction (42) converts into the following state,Γ Ψ a1...am = e −ıϕ ′ (−1) pL−m Ψ a1...am , p = (N − 1)m + a 1 + · · · + a m .
(60)
Here again, the bar describes a state in terms of the holes rather than particles. So, the state Ψ a1...am contains the ordered fermions, all except those having the flavors a 1 , . . . , a m and located on the first node,
It is a member of the basis (35), or (36). In general, any basic state Ψ x1...xn a1...an has its counterpart Ψ x1...xn a1...an with the holes instead of particles. Clearly, there is no aΓ-invariant state, so that the entire basis splits into the 2 N L−1 such pairs.
We remark that an equivalent particle-hole operator may be indroduced by applying the alternating local maps (50), (51) in reverse order (see Ref. [25] for N = 1 case),Γ
Both matrices are related to each other through the total fermion parityσ = N a=1σ a , ΓΓ ′ =Γ ′Γ =σ for even N L,
Remember that in Sec. III C the O(N ) structure and degeneracy of the lowest energy states of the fermionic model (1) is revealed. Here we consider the behavior of these wavefunction under the additional Z 2 (particlehole) symmetry.
The particular choice, which distinguishes between the even and odd sites (53), implies the invariance of the local Hamiltonians (12),
The above equations follows from the relations (56) and Majorana fermion representations of the K, P operators (22), (23) . From the other side, the modified potential (11) is not symmetric and undergoes the following shift, ΓV ′ (. . . , n x , . . . )Γ = V ′ (. . . , N − n x , . . . ).
Consider now the potentials which remain invariant under the particle-hole transformation, V ′ (n 1 , . . . , n L ) = V ′ (N − n 1 , . . . , N − n L ). This happens, for example, then they depend on the products (N − n x )n x as in case of the SU (N ) Hubbard potential. Therefore, the respective Hamiltonians are also preserved, as can be inferred from the relations (10), (12) , and (63),
[Γ, H] = 0.
The particle-hole structure of the relative ground states manifests a parity effect on the chain's size.
For even-length chains, L = 2l, the particle-hole and reflection symmetries are compatible according to the relation (57), [Γ,σ a ] = 0.
Together they constitute a discrete group Z ×(N +1) 2 , which preserves any individual σ-subspace. Due to the uniqueness condition established in Sec. III C, the relative ground state remains also invariant under the particlehole symmetry. To detect the corresponding quantum number, we observe that the basic states meet in pairs in the decomposition (43). The pair members are related by the particle-hole map, alike, in particular, the two paired states, (42) and (61). The phase factor in the definition ofΓ (59) is trivial, ϕ ′ = π(N l − 1)N l, and the equation (60) simplifies to the following one,
Both states participates in the sum (43) with positive coefficients, which have to equal, giving rise to a combined state Ψ a1...am + Ψ a1...am with the particle-hole parity (−1) m . Clearly, it coincides with the eigenvalue of the relative ground state (43), ΓΩ a1...am = (−1) m Ω a1...am .
For odd -length chains, L = 2l − 1, the particle-hole transformation anticommutes with reflections (57),
This fact leads to the additional twofold degeneracy of the energy levels. Indeed, the particle-hole transformation inverts the parities of all flavors. It matchs the Hamiltonian's spectrum on the two invariant σ-subspaces
Therefore the both subspaces have identical spectra. As a consequence, the two invariant sectors are degenerate (32),Γ
The exclusion is the sector with m = N/2 for even values of the group rank N . The double degeneracy occurs within the sector V L N/2 containing equal number of flavors with odd and even parities.
V. FURTHER EXTENSIONS AND SPIN CHAINS
The result on the nondegeneracy and the multiplet structure of the relative ground state, obtained in the previous section, remain valid for more general class of SO(N ) invariant ferminic chains. Recall that the local Hamiltonian (12) is constructed from the blocks (13) using negative numbers in order to prevent any positive off-diagonal matrix element in the selected basis (35). In fact, more members can be added just keeping this rule.
Note that the four-particle interactions in the original Hamiltonian (1) are chosen to preserve the number of fermions of each sort, n a . The requirement simplifies the system but is not necessary. Thus, the interaction K xy P + xy with the conjugate can be included also in the local Hamiltonain (12) . They are responsible for a particle decay into three particles and the reverse process. 
Clearly, all results about the relative ground states and their multiplet structure, established for the open chains, remain valid for an analog of the Hamiltonian (10) with the long-range interactions,
The interaction between two distant sites depends on positive coupling constants, as in the adjacent case (12),
(68)
B. Cyclic boundaries and translation invariance
Let us restrict ourself by to the cyclic nearestneighboring chain. Then the Hamiltonian (10) is supplemented by the boundary part binding the first and last sites,
In order to fulfill the sign rule, the boundary terms are borrowed here from the long-range model (68). It is easy to observe that the sign factors, depending on the intermediate fermions, are provided by the total paritiesσ a (66), Let us restrict to the sector with negative parities, V L N = V L −···− , and the site-independent coupling constants. Define the one-site translation,
Evidently, it commutes with the O(N ) symmetry, including the parity operators,
Then it is easy to see from the above equations that the boundary operators are translated in the following way,
Therefore, the boundary Hamiltonian (69) maps to the H 12 + H + 12 ensuring the translation invariance of the restricted Hamiltonian, H cyc .
The eigenvalues e ip of the T are given by the lattice momentum values p = 0, 2π L , . . . , 2π(L−1)
L . We affirm that the relative ground state of the translation-invariant Hamiltonian in the odd sector, σ a = −1, is a pseudoscalar with zero momentum,
T Ω 12...N = Ω 12...N .
One can use the arguments similar to those in the proof of Eq. (64). Using the translations, circulate the trial state (42) to all nodes and take the sum to get a translation-invariant state,
It is easy to observe that the above state takes part in the combination (43). Due to the uniqueness condition, the state Ω 12...N has the same momentum quantum number and obey the equation (72). Note that for the even-size chains with odd Majorana modes per site (which is not our case with the 2N modes), the commutator in (71) is replaced by the anticommutator. As a result, the twofold degeneracy appear with the supersymmetry behind it [27] . This resembles a similar behavior (without a supersymmetry) in case of the particle-hole symmetry and odd-size chains [see Sec. IV B, (65)].
C. Mixed-spin chains
The six and more fermion exchange terms may also contribute in the local interaction. Among them there are the second-and higher-order SO(N ) Heisenberg spin exchanges (15) .
Consider the limiting case when all other terms are absent so that the Hamiltonian acquires the following form,
with the constants obeying J (k)
x > 0. The positivity condition may be weaken for the second coupling [20] . The higher powers of the Heisenberg exchange (15) may be involved too. In order to fulfill the required sign rule, they must be with alternating couplings, (−1) k+1 J (k)
x . Clearly, the above Hamiltonian keeps unchanged the local intrinsic spins given by the antisymmetric representations Y mx and, hence, the number of fermions per site, n x = m x . Thus, the entire Hamiltonian has a block diagonal form with L N +1 parts, according to all possible distributions of the fermion numbers m x = 0, . . . , N along the chain nodes. Moreover, the trivial representations, m x = 0, N , appearing anywhere, cut the chain into the two disjoint pieces. We get in this way a set of chains containing no more than L nodes with mixed SO(N ) spins m x , distributed along the sites and taking the values, 1 ≤ m x ≤ N − 1.
(75)
The particle-hole transformationΓ (50) intertwines between any two chains composed from the mutually conjugate representations with m x and N − m x fermions per node, ensuring the equivalence of both Hamiltonians.
Select now a single chain from this family and keep the old notations (for the length, invariant sectors, the lowest level states there, etc.) the same to avoid new entries.
Clearly, the total amount of fermions and the total parityσ = (−1)n take constant values, n = As a result, the reflection symmetry for spin chains is reduced to the Z ×(N −1) group composed from N − 1 independent parities.
Hence, the allowed invariant sectors V L m (32) have to obey the parity rule,
Of course, they are still N m -fold degenerate, but their dimensions are essentially less comparing with those in the parent, fermionic chain. Note that a single Majorana fermion γ a alters the total parity value, taking beyond the spin chain's space of states. Therefore, the equivalence relation between two σ-subspaces (26) is not valid any more. Moreover, their dimensions differ, in general.
In particular case when each node is occupied by a single fermion, m x = 1, we arrive at the SO(N ) invariant spin chain in the vector (defining) representation, already considered in the current context [20] . Note that the translational invariant system becomes integrable for a special value of the second coupling, J (2) [28] . Following from the common parity rule (76), the total parity must equal the length's parity, σ = (−1) L .
One can spread out the results in Sec. III C to the spin chain system. In particular, the ground state in the sector V L m is given by a single m-th order antisymmetric O(N ) tensor with the components Ω a1...am , producing the unique relative ground states in the subspace V L a1...am . The proof repeats the steps for the parent model from Sec. III. The connectivity of the spin Hamiltonian (74) in the nonpositive basis (36) inside a restricted σ-subspace is easy to establish using the representation (15) . Due to the uniqueness and continuity, the multiplet type of the relative ground state remains unchanged along the path connecting the Hamiltonians (1) and (74). Alternatively, one can look for a more complex trial wavefunction than the state (42), which may go beyond the space of the spin chain states, see [12, 20] . For instance, one can set 
where the sum is taken over the nontrivial permutations of a chosen coordinate set x 1 , . . . , x m . It is easy to see that the above wavefunction is antisymmetric in the flavors.
